Index for subgroups of the group of units in number fields
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We define a sequence of rational integers u i (E) for each finite index subgroup E of the group of units in some finite Galois number fields K in which prime p ramifies. For two subgroups E ⊂E of finite index in the group of units of K we prove the formula v p ([E : E ]) = r i=1 {u i (E ) − u i (E)}. This is a generalization of results of P. Dénes [3] , [4] and F. Kurihara [5] .
Introduction. Let p be an odd prime number, Q and Z the field of rational numbers and the ring of rational integers, respectively. For each unit ε of Q(ζ p ) which is not in Z, there exist rational integers a, b and c satisfying ε
, ab ≡ 0 mod p and c ≡ 0 mod (p − 1), where c is uniquely determined by ε. P. Dénes [2] defined the p-character of the Bernoulli numbers to be the rational integers u 2 
Here h( * ) denotes the class number of a field * and v p the p-adic valuation normalized by v p (p) = 1.
L. C. Washington [6] showed that u i = v p (L p (1, ω i )), i = 2, 4, . . . , p − 3, and then proved Dénes' assumption stated above, where ω is the Teichmüller character. Furthermore, Washington gave simple proofs of the theorems above. In [5] , F. Kurihara generalized the results above to a subfield K n+1 of Q(ζ p n+1 ) + , 0 ≤ n ∈ Z, and showed the following two theorems. )u i for some rational integer u i ≥ 0.
Now since c i and hence u i depends only on E, it is denoted by c i (E) and u i (E), respectively.
Considering the case where
and E is the group of cyclotomic units in the sense of Sinnott, we see that Theorem D is a generalization of Theorem B.
Our aim is to prove similar results in some other number fields: the composite of two Galois extensions of finite degree over Q, one unramified at p and the other totally ramified. Now we introduce some notations. Let K T be a finite Galois extension over Q which is unramified at p and K V a finite Galois extension which is totally ramified at p.
We fix an embedding of K into C, the field of complex numbers. Let J denote the restriction of the complex conjugation to K. Let K + and K + T be the fixed field of J in K and K T , respectively. Let ℘ 1 , . . . , ℘ g be the primes of
Let E * be the group of units of a field * . Let δ be the least natural number a that satisfies e K /(p − 1) < p a−1 . Throughout this paper, we assume the following three conditions:
The Leopoldt conjecture is valid for K and p.
Then we may write
Our main result is the following: 
is an ath root of unity. Moreover, when K is a real or CM-field, η σ−1 is real, hence ±1 and (η
and m equals 1 or 2, hence in this case it is prime to p, i.e. (A 2 ) is valid.
Note that the condition (A 3 ) is valid by the theorem of A. Brumer [1] . Let
, where C K is the group of cyclotomic units and C
, we get a generalization of Theorem B:
1. The Fermat quotient and the level of unit. Let the notations be as in the introduction. Note that
It can be easily seen that
If c(z) is a multiple of e K , then writing c(z) = ce K with a natural number c, we have
which contradicts the maximality of c(z). Thus, we get c(z) ≡ 0 mod e K .
To sum up, we have the following:
is a natural number which depends only on z (it does not depend on the choice of π K ) and c(z) ≡ 0 mod e K . Let x 0 and y 0 be elements in
) and y 0 ≡ 0 mod p, and further , x 0 and y 0 are uniquely determined by z modulo π
and p, respectively.
be a congruence giving c(η) according to Lemma 1.1. Then, in the following, we call c(η) the level
Fermat quotient of η and we denote the latter by f (η). Of course they are uniquely determined by η.
In the rest of this section, we present several elementary properties of the level and the Fermat quotient.
The next lemma immediately follows from the definitions of the Fermat quotient and the level.
≡ −1 mod p, so that a ≡ −1 mod p and the lemma is proved in this case.
Secondly, we assume
for all natural numbers a. Here δ and b 0 are as in the introduction.
Since the π K -orders of terms on the right hand side are
Further,
For all natural numbers a, we get by induction
Since c(η
). This is a multiple of e K , so that c(η) is also a multiple of e K . That is a contradiction. Therefore, c(η
Furthermore, from (3),
This means that f (η
The proof is complete. 
We denote by β the minimum of {b 1 , . . . , b s } and assume, without loss of generality,
From our assumption,
Now, c(η
(whose level is ∞) and the lemma is proved.
In the end we investigate the action of J on the Fermat quotient of a real unit.
Therefore,
A basis of units modulo units of K +
T . Let the notation be as before. In this section, we shall prove the existence of a set of representatives of a basis of E
which satisfies some conditions on the Fermat quotient and the level.
When K T is imaginary, let
be the decomposition associated with (1 + J)/2 and (1 − J)/2. Then it is easy to see that
, where N and N + is the norm map from K to K T and from K + to K + T , respectively. The next lemma is due to Washington [6] .
Lemma 2.1. Let E be a subgroup of E K of finite index and let η be a non-torsion element of E. If v ℘ i (log p η) is sufficiently large for all primes
℘ i (i = 1, .
. . , g) then η is a pth power in E.
Here, we consider v ℘ i (log p η) and log p η in the localization of K with respect to ℘ i . P r o o f. If η is not a pth power in E, then we can take u 2 , . . . , u r ∈ E (r = rank Z E K ) such that {η, u 2 , . . . , u r } generates a subgroup E of E of finite index prime to p. Let R p ( * ) be the p-adic regulator of * (see Washington [7] ). From our assumption, R p (E ) ≡ 0 mod ℘ c i for all ℘ i | p, where c is sufficiently large. Now,
The right hand side depends only on K and E. But the left hand side is sufficiently large. That is a contradiction and the proof is complete.
Next we prove a relation between v ℘ i (log p η) and the level of η. [7] ).
The lemma is proved.
For any natural number c, we define
real and K V is imaginary, then e K is even and c(η) is even for all
according to Lemma 1.1. Let c = c(η). Since K V is imaginary, the statement follows from Lemma 1.6 and (i).
(II) In this case, our statement follows easily from Lemma 1.6 and (i).
Hence we easily observe that: 
and j is even only if K T is real and K V is imaginary). Then
is torsion-free. From Lemma
1.4, c(ξ
Here, {η 1 , . . . , η r } is also a set of representatives of a basis of the quotient E
that satisfies (1) and (2). And (3) is satisfied by an appropriate change of indices. Now we define the condition (
So, letting Now {η 1 , . . . , η s , η s+1 , η s+2 , . . . , η r } is also a set of representatives that satisfies (1) and (2) . By means of some permutation of {η s+1 , η s+2 , . . . , η r }, we may write it {η s+1 , η s+2 , . . . , η r } again with c(η s+1 ) ≤ . . . ≤ c(η r ). Then, further, we repeat the above procedure for η s+1 . Lemmas 2.1 and 2.2 imply that the procedure must stop after a finite number of steps. Hence (C s+1 ) becomes true. So, inductively, we get {η 1 , . . . , η r } as desired.
Note that, in this theorem, the sum of S j for 1 ≤ j < e K (j is even when K T is real and K V is imaginary) is equal to r by Remark 3.
A formula for index of subgroups. Let E and E be subgroups of E
Let {η i } and {θ i } be as in Theorem 2.4 for E and E , respectively.
For
, and c(η) = c(η) and f (η) = f (η). They are well defined because c(ηu) = c(η) and f (ηu) = f (η) for any
We define d 0 to be 
Then R is the union of all B l . We permute η 1 , . . . , η r and θ 1 , . . . , θ r such that c(
We let, for all j = 1, . . . , r,
where a ji ∈ Z is 0 or prime to p, and 0 ≤ e ji ∈ Z.
are torsion-free and m is prime to p by our assumption (A 2 ). Consequently, we have:
Next we prove a formula for index [E : E ].
Theorem 3.2. Let E and E be subgroups of
Let {η j } and {θ j } be as in Theorem 2.4 for E and E , respectively. Then
P r o o f. By the properties of level given in Section 1,
Since {f (η i )} i∈B l and {f (θ j )} j∈B l are F p -independent systems, it follovs that (6) det(a ji b e ji 0 ) j,i∈B l ≡ 0 mod p for all l, where a ji = a ji if i ∈ A j and a ji = 0 if i ∈ A j . Now we define P l (1 ≤ l < e K , l is even in the case (III) in Lemma 2.3) to be the set of all permutations on B l and
Then, for each l,
From (6) and (7), we see that P l is non-empty for every l. Let P be the set of all permutations on R and P = { ∈ P : (j) ∈ A j for all j ∈ R}. It is clear that any element of P is a product of τ l ∈ P l (1 ≤ l < e K , l is even in the case (III) of Lemma 2.3) and the restriction of each ∈ P to B l is an element of P l . So, we see that P is non-empty. In general, for
) for all j ∈ R, while for each ∈ P \ P ,
) with some j ∈ R. Therefore, for each ∈ P \ P ,
).
For ∈ P , by the definition,
we have
Similarly, from (8),
From (7) and (9),
Therefore, from (6),
Combining (10)- (12), we get
The proof is completed by using Lemma 3.1. This is a generalization of Theorems B and D. Now, following Dénes, we may call u i (E) the p-character of E.
